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Abstract 

We extend the previous work and study the renormahsabihty of the SUz,(2) x Uv'(l) electroweak 
theory with massive W Z fields and massive matter fields. We expound that with the constraint 
conditions caused by the W Z mass term and the additional condition chosen by us we can still 
performed the quantization in the same way as before. We also show that when the 5~ functions 
appearing in the path integral of the Green functions and representing the constraint conditions are 
rewritten as Fourier integrals with Lagrange multipliers and A^, the total effective action consisting 
of the Lagrange multipliers, ghost fields and the original fields is BRST invariant. Furthermore, with 
the help of the the renormalisability of the theory without the the mass term of matter fields, we find 
the general form of the divergent part of the generating functional for the regular vertex functions 
and prove the renormalisability of the theory with the mass terms of the W Z fields and the matter 
fields. 

PACS numbers: 03.65.Db, 03.80.+r, 11.20.Dj 



I. Introduction 



Owing to the lack of experimental evidence for the Higgs Bosons and to the unsatisfying treatment on 
quantization the non- Abelian theory with massive gauge fields has been reinvestigated [1-9] . Particularly, 
it has been clarified [1-3] that the SU(n) theory with massive gauge fields and the SU(2)xU(l) theory of 
S.L.Glashow [10] with massive W Z fields are renormalisable. In the present paper we will extend these 
work and study the renormalisability of the latter electroweak theory with the massive W Z fields and 
massive matter fields. For the sake of convenience we assume that the matter fields consist only of the 
electron and electron-neutrino fields. 

With the W Z mass term and the matter field mass term directly added to the Lagrangian by hand, 
the classical equations of motion will yield complicated constraint conditions containing products of the 
field functions. Moreover, when the constraints are expressed so that the gauge field parts contain no 
mass parameters the matter field parts will have a negative dimension coefficient m/M^, where M and 
m are the mass parameters of the W fields and the electron fields respectively. 

As in the case of Ref. [3] , since the mass term is invariant under an infinitesimal gauge transformation 
with 69i and 502 equal to zero and 59^ equal to 56y, where 6a and 6i are the parameters of the gauge group, 
an additional constraint condition should be properly chosen. We will expound that with the constraint 
conditions caused by the mass term and the additional condition chosen by us we can performed the 
quantization and construct the ghost action in a way similar to that used in Refs. [1,3]. We will also 
show that when the 5— functions appearing in the path integral of the Green functions and representing 
the constraint conditions are rewritten as Fourier integrals with Lagrange multipliers \a and \y, the 
total effective action consisting of the Lagrange multipliers, ghost fields and the original fields is BRST 
invariant. A special thing is that the effective action has a matter-ghost term coming from the matter 
field parts of the constraint conditions and containing the factor m/M^. 

We will follow the procedure of Ref. [3] and use the generalized form of the theory containing Aa , \y 
and their sources in the generating functional for the Green functions to study the renormalisability of the 
theory containing only the original fields and the ghost fields. Namely, after deriving the Slavnov Taylor 
identities and the additional identities for the generating functional F for the regular vertex functions 
with the help of the generalized form of the theory, we will let vanish the functional derivatives of T with 
respect to the classical fields of these Lagrange multipliers. In this way the divergent part of F will be 
shown to satisfy a set of equations which can still be treated. Furthermore, with the help of the the 
renormalisability of the theory without the the mass term of matter fields, we will be able to find the 
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general form of the divergent part of T and prove that the mass term of the matter fields is also harmless 
to the renormalisability of the theory. 

In spite of the extra complexeity caused by the mass term of the matter fields we will write this 
paper in the similar form as that of Ref . [3] . In section 2 we will find the constraint conditions coming 
from the W Z mass term and choose the additional constraint condition. The method of quantization will 
be explained in section 3. Setion 4 is devoted to prove the renormalisability of the theory. Concluding 
remarks will be given in the final section. 



II. Original and Additional Constraint Conditions 



The matter fields will be often denoted by tpi^) ^^nd tpi^) ^^^id they only contain the electron fields 
and electron-neutrino fields in the present work. The former stands for the purely left-handed neutrino 
field ul, the left- and right-handed parts of the electron field namely cl, br, and the latter stands for 
VL,eL and cr. Therefore the mass term of the matter fields is 

j^ipmix) = -meL{x)eR{x) - meR{x)eL{x) . (2.1) 

Next let Wan{x), Wy^(a;) be the 8111,(2) and Ur(l) gauge fields and g, gi be the coupling constants. 
Thus the W Z mass term in the Lagrangian is 



CwM = \M^Wa^W^ + \M^{^)'Wy^W^ - M^(^^)Wz^W^ , (2.2) 



or 



J^WM = ^M^Wi^{x)Wi'{x) + ^M^W2^{x)W^ix) + ^MlZ^{x)Z^{x) , 

where M| stands for g~^{g^ + g\)M'^, and Zn{x), ^^(a;) are the field functions of Z boson and photon, 
namely 

Z, = / igW^, - g,Wy^) , (2.3) 

= /, ^M giWs^ + gWy^) , (2-4) 

V + 9i) 

where £ is 1 or —1. 

The original Lagrangian of the SUi,(2) x Uy(1) electroweak theory with the mass term jCwm is 
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where describe the pure matter fields, C^w is the coupling term between the matter and gauge fields. 
CwL and Cwy are the gauge field parts without mass terms, namely 



CwL = -\Fa^..F^\ (2.6) 
t^WY = —-^B^j^^Bi^" , (2.7) 



where 



Fa^. = d^Wa. - ^,Wa^, - gCabcWbf^We. , (2.8) 

= d^Wy, - d^Wy^ . (2.9) 

Cabc stands for the structure constants of SUi,(2) with C123 equal to 1. 

Denote by 9a{x),6y{x) the parameters of the gauge group. Thus, under an infinitesimal gauge 
transformation, the fields W^', W^, tp and ip transform as 

SW^ix) = -^d^^SOaix) - CabcW>f{x)5eb{x) , 

sw^{x) = -^df^dOyix) , 

5vl{x) = -6ei{x)eL{x) + -S02{x)eL{x) + -S93{x)iyL{x) - -56y{x)vL{x) , 

% \ % % 

SeL{x) = -69i{x)i^l{x) - -56'2{x)vl{x) - -d93{x)eL{x) - -S6y{x)eL{x) , 
SeR{x) = -i66y{x)eR{x) , 

6Vl{x) = --6ei{x)eL{x) + -Se2{x)eL{x) - -693{x)Vl{x) + -d0y{x)VL{x) , 

i \ i i 

6eL{x) = --60i{x)Vl{x) - -S62{x)Vl{x) + -Se3{x)eL{x) + -60y{x)eL{x) , 

SeR{x) = i56y{x)eR{x) . 
SC^m can be written as 

(5£^m = fa{x)6ea{x) + fy{x)60y{x) , (2.10) 

where 

/i(x) = ^m^VL{x)eR{x) -eR{x)uL{x)^ , (2.11) 

h{x) = ^m^VL{x)eR{x) + eR{x)i/L{x)^ , (2.12) 

fsix) = ^m^^eR{x)eL{x) -eLix)eR{x)^ , (2.13) 

fyi^) = -fsix) . (2.14) 
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Therefore the action transforms as 



5 j (fxC-{x)=5 j d'^x^CwM{x) + L^m{x)^ 
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+ {^d,W,^{x) - ^g^d^W^ix) + h{x)) {56^ - 5ey)] . (2.15) 

Since the classical equations of motion make the action invariant under an arbitrary infinitesimal transfor- 
mation of the field functions, they certainly make the mass term invariant under an arbitrary infinitesimal 
gauge transformation. This means that when M is not equal to zero, the classical equations of motion 
leads to the following constraint conditions 

^d^W^{x) + ^g^W2^{x)W^{x) + h{x) = , (2.16) 
^d^W^ix) - ^g^Wi^{x)W^{x) + f2{x) = , (2.17) 

—d^W,^{x) - —g,d^Wy^{x) + fs{x) = . (2.18) 

These arc the original constraint conditions. Since the mass term is invariant under an infinitesimal 
gauge transformation with dOi and 602 equal to zero and 66:^ equal to S9y, d^^W^ and d^W^ appear in 
one constraint. We now choose an additional condition and replace (2.18) with 

—d^W^{x) + —g^Ws^{x)W^{x) + h{x) = , (2.19) 
d^W^{x) + gWs^{x)W^{x) = . (2.20) 



III. Quantization and BRST Invariance 



Write (2.16), (2.17) and (2.19), (2.20) as 

$,(X)=0, ^y{x)=0, (3.1) 

with 

$i(x) = d^W^{x)+g^W2^{x)W^{x) + , (3.2) 

^2{x) = d^W^ix) - g^W^^ix)Wy^{x) + -^f2{x) , (3.3) 

^six) = d^W,^{x) + g,Ws^ix)Wy^{x) + ^fs{x) , (3.4) 

^y{x) = d^Wy^ix) + gW3^{x)W^{x) . (3.5) 



Taking the constraint conditions (3.1) into account one should write the path integral of the Green 
functions inolving only the original fields as 

y I?[>V,^,V]A[W,V^,V] n H'^a'{x'))S{<Pyix'))Wa^{x)WM---exp{iI}, (3.6) 

^ a' ,x' 

where 

1 = j <i^xJH{x) , 

No = J P[>V,V^,^]A[>V,V^,^] l[6i^a'{x'))6{'l>y{x'))eM^I}- 

Since only the field functions which satisfy the constraint conditions can play roles in the integral (3.6), 
the value of the Lagrangian can be changed for the field functions which do not satisfy these conditions. 
In view of the fact that the conditions (3.1) make the action invariant with respect to the infinitesimal 

gauge trasformation, wc now imagine to replace the mass term Cwm in (3.6) with a gauge invariant mass 
term which is equal to Cwm when the conditions (3.1) are satisfied. Thus, analogous to the case in the 
Fadeev-Popov method [1,3,11-16], A[>V, ip, should be gauge invariant and make the following equation 
valid for an arbitrary gauge invariant quantity 0(>V, V', V') 

/ V[W, i,, V]A[>V,V^,V] Jl6{^^,{x'))5{%{x'))0{W,i,,i>)e^p{iI} 

■' a',x' 

OC j V[W, V^, V]0(>V,V^,V)exp{i7}, 

where / is a gauge invariant action constructed by replacing Cwm with the imagined mass term. This 
means that the weight factor A[>V, ^jV'] can be determined according to the Fadeev-Popov equation of 
the following form 

A[W,V^,V] / lldniz)lldi^^^ix)) =1. (3.7) 

z a,x 

where a stands for l,2,3,t/, ^^{x) is the result of acting on ^„{x) with a gauge transformation having 
the parameters of the element fl{x) of the gauge group, dfl{z) is the volume element of the group integral. 
It follows that with the F-P ghost fields Ca{x), Cy{x), Ca{x), Cy{x) as new variables, one can express 
the ghost Lagrangian as 

C^^\x) = Ca{x)I^^a{x) + Cy{x)I^%{x) , (3.8) 

where A$a(a;), A^y{x) are defined by the BRST transformtion of $a(a;) and ^y{x) so that 

SbMx) = SCA^aix) , 6B^y{x) = SCA^y{x) , (3.9) 
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where is an infinitesimal fermionic parameter independent of x. The BRST transformation of the 
gauge fields or matter fields is nothing but the infinitesimal gauge transformation with 66a and d6y equal 
to —gSQCa and —g\5C,Cy respectively. Namely 



5bW^{x) = 5C^W^{x) = 5(:d^Cy{x) , 
dsipix) = S(^Atp{x) , SB^jix) = dCA^{x) , 



where 



D>^,{x) = Sabd''+gfabcA'i{x), 



Avl{x 
AeL{x 
Aenix 
AVl{x 
Aez,(x 



% \ % % 

= --^9Ci{x)eL{x) - -gC2{x)eL{x) - -gC:i{x)uL{x) + -giCy{x)uL{x) , 

% \ % % 

= --^9Ci{x)ul{x) + -gC2{x)vL{x) + -gCi{x)eL{x) + -giCy{x)eL{x) , 
= i9iCy{x)eR{x) , 



-gCi{x)eL{x) - -gC2{x)eL{x) + -gC'sixpLix) - -giCyixpLix) , 



-gCi{x)VL{x) + -gC2{x)VL{x) - -gCs{x)eL{x) - -giCy{x)eL{x) 



= -igiCy{x)eR{x) 



Ca{x) and Cy{x) are also transformed as usual 



5BCa{x) = 5CACa{x) = 5C^CabcCb{x)Cc{x) , 



6BCy{x) = 0. 
Now we can write A$a(a;), A^y{x) as 



A$i = a^AM/f + g^AW^ix)Wy^ix) + g,W2^ix)AWy^{x) + ^A/i(x) ., 
A$2 = d^AW^ix) - g,AWi'{x)Wy^{x) - g,W,^ix)AWy^{x) + -^Af2{x) 
A$3 = d^.AW^{x)+giAW^{x)Wy^{x)+giW3^,{x)AW^{x) + -^N^{x) , 
A% = d^AW^ix) + gAW^{x)Wy^{x) + gWi^{x)AW^{x) , 



where 



A/i(a;) = ^m^^(^AVLixj^eR{x) - VL{x)AeR{x) - (^AeR{x)^PLix) + ei{(a;)Ai/z,(x)| 
Af2{x) = im|(^Al7i(x)jei{(x) -VL{x)AeR{x) + (^Aeii(x)^ - e7?(x)Ai/i(x)| 

A/3(a;) = ^m^(^AeR{x)^eL{x) -eR{x)AeL{x) - (^Aez,(a;))eij(a;) + ez,(a;)Aefl(a;)| . 



(3.10) 
(3.11) 
(3.12) 



(3.13) 
(3.14) 
(3.15) 
(3.16) 



Since AW^, AW^, Aip{x), l^{x) and ACa(a;) are BEST invariant, it is easy to see that A$a(a;) and 
A$y(a;) are also BRST invariant. 

One can further generahzed the theory by regarding as new variables the Lagrange multipliers \a{x) 

and \y{x) associated with the constraint conditions. Thus the total effective Lagrangian and action 
consist of these Lagrange multipliers, ghosts and the original variables, namely 

£eff(a;) = C{x) + 6^\x) + Xa{x)^a{x) + Xy{x)%{x) , (3.17) 

4ff = J d^xC^six) . (3.18) 

Correspondingly, the path integral of the generating functional for the Green functions is 

Z[ri,V,X,X,J,j] = ^^J I?[?,V,W,C,C,A]exp{i(/eff + /,)}, (3.19) 

where Nx is a constant, Ig is the source term in the action. They are defined by 

Nx = J D[V^,V,W,C,C,A]exp{i/eff}, 

^ = y d'^x^^r]{x)'^(>{x) + 't(>{x)r]{x) +Xa{x)Ca{x) + Ca{x)xa{x) +Xy{x)Cy{x) 

+Cy{x)xy{x) + J^{x)Wa^c{x) + J^ix)Wy^{x) +ja{x)Xa{x) + Jy{x)Xy{x)} , (3.20) 

where ri{x),r]{x) ■ ■ ■ stand for the sources. In particular, ja{x), jy{x) are the sources of Xa{x), Xy{x), 
respectively. 

We now check the BRST invariance of the effective action /g// defined by (3.17) and (3.18). With 

Ca{x), Cy{x) transforming as 

6BCa{x) = -5C,Xa{x) , SsCyix) = -6CXy{x) . 
and noticing the invariance of A$a, A^y, one has 

5b jd^xC^^\x) = j d^x[-Xa{x)5B^a{x)-Xy{x)5B^y{x)Y 



Therefore 

5 b ha = 5 b 



j d'^X^CwM+C^m^+ j d'^X^{5BXa{x))^a{x) + {5BXy{x))^y{x)Y 



From this and the expression of SbIwm, it can be shown that the effective action is invariant, when the 
transformation of Xa{x) and Aj,(a;) are defined as 

5bXi{x) = 5QM^C^{x) , 



2 

SeXyix) = 6C^M^Cy{x) - SC^M^Csix) . 
IV. Renormalisability 



Following the notations of Ref. [3], let Wafj,{x), Wyn{x), Ca{x), Cy{x), - ■ ■ stand for the renormalized 
field founctions, g, g\ and M be renormalized parameters. By introducing the source terms of the com- 
posite field functions AT4^^, AW^^, ACa(a:;), AV'(a;), /S^{x) and the sources K1;^{x), Ky{x), La{x), na{x), 
la{x), Pa{x), n'^{x), l'a,{x) and p'o,{x), the effective Lagrangian without counterterm becomes 

4*5/ W = Xaix)^a{x) + Xyix)^yix) + Cwl{x) + Cwy{x) 

+Cwm{x) + C^'-'\x) + jC^{x) + C^m{x) + C^w{x) 

+Kl{x)m^!i{x) + Ky{x)/^W^{x) + La{x)/^Ca{x) 

+noc{x)^VLa{x) + la{x)AeLa{x) + Pa{x)AeRa{x) 

+n'^{x)AVLa{x) + C{x)AeLa{x)+p'„{x)AeRa{x) . (4.1) 
The complete effective Lagrangian is the sum of ^'^^jf and the counterterm Ccount 

Aff = 4ff + ^count ■ (4.2) 
With (4.1), the generating functional for Green functions is defined as 

Z^''^[r],v,X,X,J,j,K,L,n,l,p,n',l',p'] = ^ j V, W, C, C, A]exp{i(/5^ + /,)} , (4.3) 

/gy'j is the effective action J d'^x£}^jf{x), N is a constant to make Z^^^ equal to 1 in the absence of the 
sources, Is is the source term 

^x^rj{x)ij{x) +ij{x)r){x) +Xaix)Caix) + Ca{x)xa{x) +Xy{x)Cyix) 

+Cy{x)Xy{x) + J^{x)Wa^^{x) + J^{x)Wy^,{x) + ja{x)Xaix) + jy{x)Xy{x)} , 

where rj tp and tp ij stand for 



Denoting by W'^l and the generating functionals for connected Green functions and regular vertex 
functions respectively, one has 



= exp{iW[ol [rj, V, X, X, J, j, K, L, n,l,p, n', l',p'] } , 
rio] [V^, ^, W, d, C,X,K,L,n,l, p, n',l', p'] 



= Wioi - / d 



J^Wa^ + J^Wy^ + jaXa + jyXy + Xa^a + C aXa + XyCy 



X 



where Waa, ^l, ■ ■■ are the so-called classical fields defined by 



Ca{x) = - 



SJHix) ' 



Cy{x) = — 



Therefore 



eLa{x) 
GLaix) 

JUi^) = 
Xaix) = 

Xy{x) 



SXyix) ' 
(577a-' (x) 

sdaix) ' 

5rM 



= - 

eRa{x) = 
eRa{x) 

3a{x) = 



Sja{x) ' 



iJrJa ■* (x) 



C„(a;) = 



^Xaix) 



_5W^ 

Srja'' (x) 



(5Aa(a;) 



6Cy{x) 



X3;(x) = ^ 



'li''\x) = 



SeLa{x) 



Si'Laix) 



¥;Kx) = 



SeRaix) ■ 



Besides, for Kf^jLa • • •, the spectators in the Lcgcndrc transtrormation, one has 





5rM 








5K-{x) 






SKji{x) ' 


SLa{x) 5La{x) 










JVVl"! (5r[oi 


5noc{x) 




5lo,{x) ~ 




^p„(a;) 5po,{x) ' 










jn;[o] <5r[oi 








5Ux) ' 


^p'„(a;) 5p'^{x) ■ 



(4.4) 



(4.5) 
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In order to find the Slavnov-Taylor identity satisfied by the generating functional for the regular 
vertex functions, we change the variables in the path integral of as follows 

W'a'' {X) ^ W^a^ (^) + K^W^ (.X) , (X) {X) + SC^W^ {X) , 

C,{x) ^ Ca{x) 5CAC, {x), Cy{x)^Cyix), 

Ca{x) —>■ Ca{x) - SCXa{x) , Cy{x) — > Cy{x) - dCXy{x) , 

il){x) tp{x) + SCAil){x) , r(){x) i){x) + 5CA7p{x) , 

Xa{x)^Xa{x), Xy{x)^Xy{x). 

The the changes in Is and Cwm lead to 



/ 



. dK^{x) SWl^ix) SK]i{x) 6W^{x) SLa{x) sCa{x) 



+ 



SVLa{x)Sn'^ix) 6eLa{x) Sl'aix) SeRc{x) Sp'„{x) 

-A„(a;)^ Xy{x) + — (A£^M(a;))[°l - {AC^mix))^"^ | = , (4.6) 

5C„(x) 6Cy{x) ^ 



where 



{AjCwm{x))^°^ = J I?[V',V,W,C,C]A£^vM(a;)exp{i(/M +/,)} , 

(A/:vyM(x))[°l = y P[^,^,W,C,C]A/:^^(a;)exp{i(42 +/,)}. 

With the definitions of A£wm{x) and A£wm{x) 

5bj0.wm{x) = SCAjCwm{x) , 5BjC^m{x) = SCAjC^rn{x) , 



one can write 



(A£^„(x))i"J = -w . eRa{x) +meLa{x 



Sl'aix) Spa{x) 

Next, from the invariance of the path integral of Z^^^ with respect to the translation of the integration 
variables Ca{x), Cy{x), Xa{x) and Ay (a;), one can get a set of auxiliary identities 
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+ 2M^|eKa(^)^+eK«(a=)^-e..(x)^-e.„(x)^|=0, (4.9) 

-a^^|^^-5inMT|^3rT-5W^3MT|^FrT=0, (4.10) 



and 



($4^))'^ -^i— = ($,(a.))M. (4.11) 



where 



(*«(^))'°' = -^km J 2^[^,V',>V,C,C,A]$4x)exp{i(/™ +/,)}, (4.12) 

{^yi^))^°^ = ]^ / ^[^. V-, W, C, A]$,(a;)exp{i(7[2 (4-13) 

Let ^a{x), ^y{x), CwM and C^pm bo the results obtained from $a(a;), $y(a;), £vkm and C^m by replacing 
the field functions with the classical field functions and define 

r'°' =r[°l d^X^a{x)'^a{x) + \y{x)%{x)+ZwM + Um}, (4.14) 



Thus, from (4.6)-(4.11), one gets 



{x) 6W!i{x) 5Kl{x) 6W^{x) SLa{x) sCa{x) 



+ 



^^'i,a(a;) fee (a;) 6eLa{x) dla{x) deRa{x) Spa{x) 



SVLa (x) (x) dCLa {x) K i^) ScRa {x) Sp'„ (x) 



and 



= ($,(x))M - $.(x) , = ($,(x))M - $,(x) , (4.16) 
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cj^m cT^m .-pto] .T,[o] 



^ - ^''^ - ^^-^ - ^^^''^ = • ^'-''^ 

As mentioned earlier our intention to use the generalized form of the theory containing Aa, Xy and 
their sources is to study the RenormaUsability of the theory for which such sources are absent from the 
generating functional for the Green functions and therefore {^a{x))^^^ and are equal to zero. 

We now, according to (4.11), let vanish S''' ' and to make {^a{x))^'^'^ and ($y(a;))[°l equal to zero. 

This means 



^a{x)=0, ^y{x) = 0, (4.21) 

and 

,p[0] ,:p[0] 

0. (4.22) 



In the following we will denote by r'°' [V', V, W, C, C, A, K, L, n, I ,p,n' ,1' ,p'] the functional that is 
obtained from r'°' [ip, ^, W, C, C, X,K,-- ■] by replacing the classical field functions with the usual field 
functions. Assume that the dimensional regularization method is used and the Slavnov-Taylor identity 
and the auxiliary identities are guaranteed. Denote the tree part and one loop part of r'°' by r|,°' and 
rf' respectively. Tq^ is thus the modified action /j.^^ obtained from ifjj^ by excluding the mass term 
and (Ao,Ay) terms. Prom (4.15) and (4.17) - (4.22) one has 

$a(a:)=0, $y(x)=0, (4.23) 

=;[0] =;[0] 

=0, #73=0, (4.24) 



6Xa{x) ' SXy{x 



and 



A r™-o 



rr*rf' + rf'*r|,°>=A„,rf> = o, (4.25) 
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S„(a;)r'°' =0, Sj,(ar)r'°' =0, (4.26) 



where Aop,T,a{x) and are defined by 



(5La(-i;) SCaix) SCaix) 6La{x) SvLa{x) 5na{x) Sna{x) 6l^La{x) 



SuLaix) 5n'^{x) Sn'^{x) SuLaix) 6eLa{x) Sl'^{x) Sl'^{x) SeLa{x) 

+ ^^K(^)^+^H"(^)^-^^«(-)^-«^«(^)^}=0' (4-30) 
The meaning of the notation A* B is 

5A SB 5A SB SA SB 



A*B 



J \SK- 



{x)SWli{x) SKl{x)SW^{x) SLa{x) SCaix) 
SA SB SA SB SA SB 

+ T T^T + 



+ 



SvLaix) SUaix) SCLaix) Sla{x) 5eRa{x) Spa{x) 

SA SB 5 A SB SA SB ^ 

SvLa{x) 5n'^{x) SeLa{x) 5l'^{x) Sen,a{x) 5p'^(x) / ' 



(4.24) — (4.26) are of course satisfied by the finite part and the pole part of rf. Thus the equations of 
the pole part r|°' are 

S\a{x) SXy{x) 

KpVf = , (4.34) 
I]a(a;)f = , ^y{x)Tf = . (4.35) 
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It is known [3] that when m = the theory is renormalisable and r^^l^^j, is a combination of 5 
independent terms. Now one can also find the corresponding solutions of equations (4.33) — (4.35). These 
solutions are as follows 

Tgl - TcK + 2/(f ) , (4.36) 

T(2) = TwY — Toy — Tcky , (4.37) 

T{i) = TcK + Tcky + Tnn' + Tw + Tpp> , (4.38) 

T^4) = T,L + TeL ~ T„„. - Tu, - I^'> , (4.39) 

T(5) = Tefl - Tpp, - /(f) , (4.40) 



where 



m „ = u- 



TGL=g^, TGY=gi^, l^^ = 



TwL 



dg ' dgi ' "* dm du 



r-p[0] 



'-WY 



SWy^ix) 

[0] j-f^[0] .f^[0] 



J L OiyLa(:r') duLnix) ) 

Tei= d^x\eLc{x)j ^+eLa(a:) ,_ " |, 

J L oez,a(x) deLa(x)J 



TeR — 



/ d^x\ena{x)-^ — ^ +eRa{x) °f A , 
J L deRa[x) deua[x)J 



r„.= /A{p4.)j-J;;.+KWj^}, 



where the parameter u appearing in the expression of Im^ stands for m/M"^. Similar to the case of Ref. 
[3],T(3) \s2{T^Q^ -IwL-IwY-I'ii,-I'4,w)- is a combination of /i^i, , T(3) and / d'^xCy{x) ^Cy{x) - ^(2) '^^ 
a combination of /^yy and / d'^xCy{x) sc'°(x) ■ ThesumofT(4) and T(5) is 2(7^+7^^). / d'^xCy{x) sc'y°(x) 
and T(5) can be easily checked to satisfy (4.33) — (4.35). 
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Since (4.36) — (4.40) become the whole independent terms of rfj^^^ when m = 0, a new term that 
appears when m ^ should include m tp^ Va' as a factor and also satisfies (4.33) — (4.35). First, it 
is clearly not possible to form such a solution of (4.33) — (4.35) if negative dimension coefficients are 
excluded. Next, if is included as a factor in the definition of the ghost action so that the ghost fields 
become dimensionless, then the modified effective action (without A terms) does not contain negative 
dimension coefficients. Thus a new term that can appear in fI"' must be formed with some powers of 
C„ Ca' and a factor from mtp^xpct', where a and cr' stand for l,2,3,t/. However, (4.33) — (4.35) does not 
have such a solution neither. This can easily be seen from (4.35). It follows that rfj^^^ is a combination 
of (4.36)-(4.40). Namely 

^l,div = "l T^l) + "2 T^2) + "3 ^(3) + "4 + "5 ' (4-41) 

where, a^i \ • • • , 0:5^^ are constants of order (h)^ and are divergent when the space-time dimension tends 
to 4. 

In order to cancel the one loop divergence the counterterm of order in the action should be chosen 

as 

^4oL = -r^L- (4.42) 

Since 

TS/ = r'r (4.43) 
it is known from (4.41) that the sum of I^^jf and <5/co„„t, to order of h}, can be written as 

^i//[V', V', W, C, C, K, L, nj,p, n', l',p', g, gi, u] 

where the bare fields and the bare parameters (to order (7i)^) are defined as 

Wi°l = {Z^^^y/'W., = (1 - a«) W^c. > = {Z^^b'/'L^ , (4.45) 

W^o] ^ (4[il)V2w.^^ = (1 _ ^W)Wy, , (4.46) 

CM = (zl^V/^a = (1 - + ««)a , (4.47) 

= (ZW)1/^C. , = {zP)'/'k; , (4.48) 

cm = (^3^)1/2^7^ = (1 _ 41) + 41))^^ , (4.49) 

^[0] = (z;W)V^C, , i^^-M = (zW)V^i^,- , (4.50) 
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4°' = (4^i)^/V = (l-ai^V., vf = iz]^ly/^V,, (4.51) 

ef = {Z^lY"e, = {Z^lf/\, , ef = {Z^lf'^e, , (4.52) 

eg' = iZ^^f'-R = (1 - ^Vh , eM = (ZW ) V^e^ , (4.53) 

„[o] = (ZW )V2„ = (1 _ 41) + a^))n , n'[°l = (^W )^/^n' , (4.54) 

= (4J) V^/ = (ZW ) , ;'[0] = (^[il)i/2^. ^ (4.55) 

= (ZW )V2p = (1 - + a«)p - f ''°' = (41)'/V , (4.56) 

,gM = = (zl^Y'^'g , ' = = (4''')-^/^5i , (4.57) 

«[°] = (1 - 2a« + a« + a«)« . (4.58) 

Next let $0 ' and $y ' be obtained from $0 and $y by replacing the field functions and parameters 
with the bare field functions and bare parameters. Prom (4.45), (4.46) and (4.57) one has 

$[01 ^ (41)1/2$^ , $[0] = (z;W)V2$^ . (4.59) 
Thus by adding the mass terms and the A terms into and forming 

4// = ^eff + IWM + Um + j d^x[\a{x)^a{x) + \y{x)i^y{x)^ , (4.60) 



one gets 



where 



and 



[i),i},W,C,C,\K,L,n,l,p,n' ,1' ,p' ,g,gx,M,m] 



Mioi =(zW)-i/2m, m[°l = (zW)-i/2(zW)-i/2TO, (4.62) 



401 ^ (4])-i/2A„ , = (4''J)-^/^A, . (4.63) 

Obviously, if the action /^^^^ is used to replace I^^j^ in (4.3) and define Z^^^, Pl^l as well as 

r''' = rW - ly^j^ -I^m- j (i'x[\a{x)^a{x) + \y{x)^y{x)] , (4.64) 

then one has 

r''' i,, W, C, C, A, K, L, n, I, p, n', l',p', g, g,, u] 

= r'°^ [^1°! , , W^ioi , Cioi , , AM , , iioi , , n'™ , • • • , ^'^l , 5? ' , . (4.65) 
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From this it is easy to check that, to order %^ , f'^' is finite. Moreover, by changing into bare fields 
and bare parameters the fields and parameters in (4.15)— (4.22) and then transforming them back into 
the renormalized fields and renormalized parameters according to (4.45)— (4.59), one can see that, under 
condition (4.23), f'^' also satisfies 

AopF'"' = , (4.66) 



5\a{x) 5\y{x) 



(4.67) 



E„(a;)F'^^ = , ^y{x)T^^^ = . (4.68) 

We can now use the inductive method and follow the steps of Ref. [3] to complete the proof of renor- 
malisability. Assume that up to n loop the theory has been proved to be renormalisable by introducing 

the counterterm 



-'count — 



count ' 



where ^/co«nt the counterterm of order 7l' and has the form of (4. 41), (4. 42). Therefore the modified 

—In] 

generating functional F for the regular vertex, defined by the action 

rH _ AO] , An] 
-'eff ~ -'eff ■'count' 

satisfied equations (4.66) — (4.68) (under (4.23)) and, to order is finite. This also means that the 
fields or parameters in each of the following brackets have the same renormalization factor 

{Wi'll,L,),{Ca,Ca,K;),{Cy,Cy,Ky),{uL,VL,eL,eL),{eR,e^^ 

and that 

Z>l(z>l)i/2 = 1 ^ ZH(4"1)V2 = 1 , 

y[n]y[n] _ y'ln]y'[n] _ y[n] y[n] _ y[n] y[n] 
^3 ^3 — ^3 ^3 — ^i.L^(n) " ^eK^(p) ' 

Denote by Fj. the part of order ?i in F . For A; < n, F^ is equal to F^ , because it can not contain 
the contribution of a counterterm of order h''~^^ or higher. Thus on expanding f'"' to order one has 



k=0 

Using this and extracting the terms of order from the equations satisfied by F^"', namely (4.66) — 

(4.68), one finds 

AopTZi=0, (4.69) 
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n+1 _ „ n+1 



Sa(x)rirji = , ^y{x)T^:u = • (4.71) 

Let r„_|_j j^^j, stand for the pole part of r„_,_j. By repeating the steps going from (4.33) to (4.41), one can 
arrive at 



Ci,*. = ^^7^(1) + c^r"Ti2) + ar"Tis) + a^-'T^,) + ar"T^5) , (4-72) 

where a^"^^\ • • • ,a^~^^^ are constants of order (?i)"+^. Therefore, in order to cancel the n+1 loop 
divergence the counterterm of order h"'~^^ should be chosen as 

Stounl = -^nkdiv [V', W, C, C] . (4.73) 

— [n] 

Adding this counterterm, the mass term and the A terms to /gg , one can express the effective action of 
order Ti""''^ as 

4^+^) [^, V^, W, C, C, A, K, L, n, l,p, n', l',p', g, g^, M, m] 

= [^[01 , V^'°^ ,W^°\ Cioi , , API , , , nioi , n' I"! , • • • , ^'^l , ' ,^[01, ml"!] , (4.74) 

where the bare fields and the bare parameters (to order (?i)"+^) are defined as 







(4.75) 




= (z>+^V/2w^,, = ((z>i)V^ - 4"""' v.. , 


(4.76) 




= (Z["+^1)V2C„ = ((Z|"1)V2 + (_4«+i) + a("+^)))C„ , 


(4.77) 






(4.78) 


C[o] ^ 




(4.79) 


- 


= (z>+^v/^c,, iff 1 = (zr+^v/^i^^ 


(4.80) 


[0] 

= 




(4.81) 


e[o] _ 

— 


(Zir^y/^e. = (4"/^V/^e. , e[°l = {Z^r^r/^e, , 


(4.82) 


JO] _ 
— 


(^r/^y/^eH = ((ZH)^/^ - = (Z^l^y^'eR, 


(4.83) 


n[01 = 




(4.84) 


|[0] = 


(zf = (^J:^")'/'/ , /''"I = (4;+'V/'r , 


(4.85) 


pM = 




(4.86) 


^[01 = 




(4.87) 



19 



gm = ^["+11^ = (Zf , gfl = Z>+il5i = (Z>+^l)-V25, , (4.88) 
Mioi = Z^+^'m = (4"+'1)-i/2m, m[°l = Z^^+^^m = {Z^^+^Y^'^Z^'+'Y^'^M , (4.89) 

and Ao ' , Ay ' are 

AL°1 = {Zt+'Y"'K , AM = (Z>+^])-i/2A, . (4.90) 

Therefore, in terms of such bare fields and bare parameters, p'"^^' can be expressed as 

rf"+'^ [W, C, C, ^, ^, K, L, n, I, p, n', l',p', g, 51, M] 

= f [WM , CM , , ^[01 , V^'°' , , , nioi , n'loi , ■ • • , , 1 , M^°^ . (4.91) 

From this one can conclude that F^"^^', under (4.23), satisfies (4.66) — (4.68) and is finite to order 
That is to say the theory is renormahsable. 



V. Concluding Remarks 



We have expounded that SUi,(2) x Uy(1) electroweak theory with massive W Z fields and massive 
electron fields can still be quantized in a way similar to that used in Ref. [3] by taking into account 
the constraint conditions caused by these mass terms and the additional condition chosen by us. We 
have also shown that when the 6— functions appearing in the path integral of the Green functions and 
representing the constraint conditions are rewritten as Fourier integrals with Lagrange multipliers Xa and 
Xy, the total effective action consisting of the Lagrange multipliers, ghost fields and the original fields is 
BRST invariant. Furthermore, with the help of the renormalisability of the theory without the the mass 
term of matter fields we have found the general form of the divergent part of the generating functional 
F and proven that the mass term of the electron fields is also harmless to the renormalisability of the 
theory. 

It is worth while emphasizing the following special features of the SUl(2) x Uy(1) electroweak 

theory with massive W Z fields and massive electron fields. (1) These mass terms do not appear in the 

(c) 

divergent part of F. (2) The ghost-electron coupling term Im , which is caused by the mass term of the 
electron fields and contains the negative dimension parameter m/M^, is not an independent term of the 
divergent part of F. If this were not the case, the mass terms would be harmful to the renormalisability 
of the theory. 
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As pointed out in Ref. [3], since the whereabouts of the Higgs Bosons is still unknown, it is reasonable 
to ask if the successes of the standard model of the electroweak theory really depends on the Higgs 
mechanism and to pay attention to the theory without the Higgs mechanism. 
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